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Abstract.
We prove that a locally compact abelian (LCA) group has no proper dense pure subgroups if and only if it does not have proper dense subgroups. This solves a problem of Armacost.
The following problem was posed by Dietrich in [2] : does every nondiscrete LCA group have a dense proper subgroup? Rajagopalan and Subrahmanian [7] gave a negative answer to this question. Later, Khan [5] and the author [4] proved that an LCA group G has no proper dense subgroups if and only if t(G) and pG are open in G for each prime p, where t(G) is the maximal torsion subgroup in G and pG = {px\x £ G} . Among numerous questions in the book of Armacost [1] we mention the following two:
(i) Is it true that an LCA group G is discrete whenever every pure subgroup of G is closed? (Question 7.24).
(ii) What are the LCA groups without proper dense pure subgroups? (Question 7.18).
We recall that a subgroup 77 of an abelian group G is said to be pure in G if nH = nGnH for all integers 77. Takahashi [8] gave a positive answer to the first question and a partial answer to the second. He proved that a nondiscrete LCA group G contains 2C proper dense pure subgroups whenever G is compact or t(G) is not open in G. We shall prove that the following holds.
Theorem. For a nondiscrete LCA group G, the following conditions are equivalent:
(i) the subgroups t(G) and pG are open for all prime p; (ii) G has no proper dense subgroups; (iii) G has no proper dense pure subgroups.
We begin with three lemmas. Since 5 + 1 < r, the order of a' is less than that of a , contradicting the choice of a.
Since B is pure in G', G' -G" ®B for a subgroup G" of _G'. From this we deduce that G = G" © A. If G" is not dense in G, then CF = G" © A', where /I' is a proper subgroup of ^4. Hence, A' c B, whence_C7" c G'. Since G" is a closed subgroup of finite index in G, it follows that C7" is open, and hence G' is clopen. This contradicts the condition. Thus G" is dense in G and the proof is complete.
The following lemma is contained in [6, Lemmas 4 and 5]. We provide a slightly different proof. 
